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Abstract 

, This work shows that the formation of a finite number of coahtions in a nonatomic network 

f— ^ congestion game benefits everyone. At the equihbrium of the composite game played by coalitions 

psj and individuals, the average cost to each coalition and the individuals' common cost are all lower 

j^.,^ than in the corresponding nonatomic game (without coalitions). The individuals' cost is lower 

C^ than the average cost to any coalition. Similarly, the average cost to a coalition is lower than 

^) that to any larger coalition. Whenever some members of a coalition become individuals, the 

^^ individuals' payoff is increased. In the case of a unique coalition, both the average cost to the 

Cn coalition and the individuals' cost are decreasing with respect to the size of the coalition. In 

a sequence of composite games, if a finite number of coalitions are fixed, while the size of the 

,—1 remaining coalitions goes to zero, the equilibria of these games converge to the equilibrium of a 

^H composite game played by the same fixed coalitions and the remaining individuals. 



o 

• Key words: coalition, nonatomic game, atomic splittable game, composite game, network 

O congestion game, routing game, Wardrop equilibrium, composite equilibrium 

> 1 Introduction 

(N 

^^ This paper considers the impact of introducing coalitions in network congestion games played by 

ly-j nonatomic individuals, namely nonatomic routing games. These games belong to a more general 

^^ class of noncooperative games played by a continuum of anonymous identical players, each of whom 

^^ has a negligible effect on the others. 

^_j First, let us cite some historic references on routing games, in particular, on coalitions in such 

;;• games. 

• ^H Beckman, McGuire and Winston [2] first formulated Wardrop equilibrium (Wardrop [13]) in 

^ nonatomic congestion games as an optimal solution of a convex programming problem, and thus 

^ proved its existence under weak conditions on the cost functions. 

A coalition of nonatomic individuals of total weight T behaves the same way as an atomic 
player who holds a flow of weight T that can be split and sent by different paths. Routing games 
with finitely many atomic players holding splittable flow (called atomic splittable games) were first 
examined by Haurie and Marcotte [6] . They focused on the asymptotic behavior of Nash equilibria 
in such games. By characterizing a Nash equilibrium in an atomic splittable game and a Wardrop 
equilibrium in the corresponding nonatomic game by two variational inequalities, they proved that 
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the former converges to the latter, when the number of atomic players tends to infinity. This result 
will be extended in this paper. 

Harker [5] first studied composite games (that he called mixed games), where atomic players 
holding splittable flow (or coalitions) and nonatomic individuals play together. He characterized a 
composite-type equilibrium by a variational inequality, and thus proved the existence of a solution 
under some weak conditions on the cost functions as well as its uniqueness under more stringent 
conditions. 

Orda, Rom and Shimkin [9] made a detailed study on the uniqueness and other properties of 
Nash equilibria in atomic splittable games on two-term.inal parallel-link networks. This specific 
setting will be adopted in this paper, where their results will be extended. Richman and Shimkin 
[11] extended their results to composite congestion games in nearly parallel-link networks. 

For the impact of coalitions on the equilibrium costs, Cominetti, Correa and Stier-Moses [3] 
showed that, in the atomic splittable case where the atomic players are identical, the social cost at 
the equilibrium of the game is bounded by that of the corresponding nonatomic game, under weak 
conditions on the cost functions. 

Hayrapetyan, Tardos and Wexler [7] proved that the formation of coalitions (that they called col- 
lusion) reduces the social cost in a two-terminal parallel-link network. Although stronger conditions 
on the cost functions are needed in this paper, our results prove that the formation of coalitions 
benefits everyone. 

Apart from the consequence of the formation of coalitions on the equilibrium costs, this paper 
also studies how this impact varies with the structure of coalitions. 

1.1 A Sketch of the model 

A continuum of nonatomic individuals are commuters in a two-terminal parallel-arc (directed) net- 
work. Their common origin and common destination are the only two vertices, which are connected 
by a finite set of parallel arcs. The per-unit traffic cost of an arc depends only on the total weight 
of the flow on it. A pure strategy of an individual is an arc by which she goes from the origin to the 
destination. Nash equilibria in such nonatomic games are usually called Wardrop equilibria (WE 
for short) [13]. At a WE, the arc chosen by an individual costs no more than any other available 
arc, hence it has the lowest cost in the network. The individuals have the same cost at a WE. 

A composite routing game is played by a finite number of disjoint coalitions formed by some of 
the individuals and the remaining individuals. A coalition is specified by its size. Within a coalition, 
a coordinator assigns an arc to each member, with the objective of minimizing their total cost. An 
equilibrium in this game is called composite equilibrium (CE for short), since it is Nash-type for the 
coalitions and Wardrop-type for the individuals. All the individuals have the same cost at a CE, 
while the average costs to the coalitions may differ. 

1.2 Main results 

After recalling the existence and the uniqueness of the CE of a composite game under certain 
conditions on the cost functions, five main results are obtained: 

1. At the CE, the average social cost, the individuals' cost and the average cost to each coalition 
are lower than the equilibrium cost at the WE of the corresponding nonatomic game. 

2. At the CE, the average cost to a coalition is lower than that to any other larger coalition. If 
a coalition sends flow on a certain arc, then any other larger coalition sends more on it. 



3. If some members quit a coalition to become individuals, the individuals' cost is increased at 
the corresponding CE. 

4. If there is only one coalition, the social cost, the average cost to the coalition, and the indi- 
viduals' cost at the CE are all decreasing with respect to the size of the unique coalition. 

5. If, in a sequence of composite games, a finite number of coalitions are fixed, and the maximum 
size of the remaining coalitions tends to zero, the sequence of equilibrium of these games 
converges to the equilibrium of a game played by the same fixed coalitions and the remaining 
individuals. 

1.3 Organization of the work 

The paper is organized in the following way. Section 2 provides a detailed description of the model 
as well as characterizations of the CE in different formulations. The existence and the uniqueness 
of the CE will be recalled. Section 3 analyzes some important properties of the CE. Section 4 
deals with the impact of the formation of coalitions by comparing the players' costs at the WE 
of the corresponding nonatomic game and those at the CE. Section 5 considers the impact of the 
composition of the players on the CE costs: first, how the equilibrium costs vary with the size of a 
unique coalition; second, how the individuals' cost varies when some members of a coalition become 
individuals. Section 6 focuses on the asymptotic behavior of CE, by fixing some coalitions while 
letting the remaining coalitions vanish. Section 7 discusses some problems for future research. 

2 The model and characterization of an equiUbrium 

2.1 Model and notations 

Net'work and arc costs (JZ, c). Let the set of identical anonymous nonatomic individuals be 
described by the unit real interval / = [0, 1], endowed with the Lebesgue measure //. The players' 
common origin is vertex O, and their common destination is vertex D. The finite set of parallel 
arcs between O and D is denoted by TZ, with R = \TZ\ its cardinality. Let c = (cr)re7^ be the 
vector of the per-unit arc cost functions: for every arc r, x i— )• Cr{x) is a real function defined on a 
neighborhood f7 of [0, 1]. The per-unit cost of an arc only depends on the total weight of the flow 
on it. The network is characterized by the pair (TZ, c). 
The following assumption is made throughout this paper. 

Assumption 1. For every arc r in TZ, the cost function Cr is strictly increasing, convex and con- 
tinuously differentiahle on U, and nonnegative on [0, 1]. 



Composite routing game r(7^, c, T). Suppose that K coalitions are formed in the set of in- 
dividuals /, with K £ N = {0, 1, 2, • • • }. The family of coalitions is denoted by /C = {1, . . . , K}. 
Every coalition behaves like an atomic player holding a splittable flow. The remaining individuals 
are independent nonatomic players. For a coalition k G IC, the measurable set of its members is 
denoted by l'^, a subset of /, and its total weight is denoted by T^ = fJ.{I^)- Let I^ denote the set 
of individuals so that /° = [0, 1]\ Ukejc ^^, and its weight is T° = ^(7°) = 1 - J^kefC ^^ ■ Without 
loss of generahty, it is assumed that T^ > T"^ > ■ ■ ■ > T^ . Let us define T = (T°; T^ . . . , T^ ). 
Let T(JZ, c, T) be the composite routing game played by these K coalitions and the remaining 
individuals in the network (7?., c). 

Two particular cases should be mentioned. First, if I^ = [0, 1] and i^ = 0, there is no coalition 
so that the game is a nonatomic one, denoted simply by r(7^, c), and the equilibria there are WE. 
Second, if I^ is empty, i.e. T^ = 0, the game is an atomic splittable one with K atomic players, and 
the equilibria there are Nash equilibria (NE for short) in its usual sense; in particular, if i^ = 1, 
i.e, there is a global coalition, the equilibrium is obtained by solving the optimization problem of 
searching for the social optimum. 

Strategies and flo^v configurations. In the game T(JZ, c,T), as the individuals are identical 
and anonymous, only the total weight sent by each coalition on each arc counts. The strategy profile 
of the individuals (resp. the strategy of coalition k) is specified by the flow configuration (flow for 
short) x'^ {resp. x ) defined by 

x° = (x°)^g7e {resp. x'^ = {x';)ren), 

where x^ {resp. x^) is the total weight of the individuals {resp. of coalition k) on arc r. 

A strategy profile is specified by x = (x", x"*^, . . . , x ), a point in m(i+"^)^^. 

The feasible flow set of the individuals {resp. of coalition k) is a convex compact subset of M^, 
defined by 

FO = {xOGM^|VrG7^, xO>0; ^ x^ = T"}, 

reiz 

{resp. F^ = {x^ £R^ \yr £71, x^ >0; J2 ^r = T''}). 

The feasible flow set F of the game T{TZ, c, T) is a convex compact subset of m(i+"^)^^j defined 
by F = FO X F^ X • • • X F^. 

The aggregate flow x' induced by x is a vector in M , defined by x' = {xr)reTZj where Xr = 
x^ + J2k<^K ^r is the aggregate weight on arc r. 

For coalition k, the vector x^'^ is a point in F~^ = nzeloluycxifc} -^') defined by x^*^ = 
i^^)ie{0}uic\{k}- For all arc r, define x"^ = x° + Ezeyc\{fc} ^i- 

Average costs and marginal costs. The average cost to the individuals, the average cost to 
coalition k and the average social cost are respectively defined by 

y°(x) = -g ^ x°c^(x^), Y''{^) = -j:J2x';cr{xr), y(x) = ^ x^c^(x^). 
reiz reiz ren 

As the total weight of the players is normalized to 1, the average social cost is just the social cost. 
The total cost to coalition k is denoted by u (x) = T ■ y (x) = J2reTZ x^Cr{xr). 



Following Harker [5] , the marginal cost function of coalition k is defined by 

c''(x) = (c^■(x))re7^, where c^'(x) = Cr{Xr) +x^c'^{xr). 
Notice that c (x) is the gradient of u (x) with respect to x . More precisely, 

2.2 Characterizing equilibria: existence and uniqueness 

The following definition of a CE (Harker [5]) consists of two parts: the first for the individuals and 
the second for the coalitions. 

Definition (Composite equilibrium). A point x* = ( x**^, x*^, . . . , x* ) in F is a CE of the game 
^(7^,c,T) if 



P*0 



Vr G IZ, if X* > 0, then r G argmin Cg (x*) ; (2-1) 



VfcG/C, X*'' minimizes u''(x'', X*"'') on F'^. (2.2) 

Proposition 2.1 (Characterization of a CE). The following are equivalent. 

1. X* = (x*°, x*i, . . . , x*^ ) m F ^•s a CE. 

2. (marginal cost formulation) x* = (x**^, x*-*^, . . . , x*^ ) in F satisfies 

Vr G 7^, ^/ xf > 0, t/ien Vs E 7^, c^«) < c,(j;*); (2.3) 

VA; G /C, i/ x;'= > 0, then Vs G 7^, c^'(0 < cJC^^D, 

le. c,«) + xfc'^ix;) < cs{x*) + xfc',{x*). (2.4) 



5. (variational inequality formulation) x* = (x*'^, x*-*^, . . . , x*-'^ ) in F satisfies 

(c(x*),x°-x*0) + ^(c'=(x*),x^-x**^)>0, Vx=(x°,x\ ...,x-^)gF. (2.5) 
fcex: 

Here, {■,■) stands for the standard inner product operator on the Euclidean spaces. 

Proof, (i) <^ (ii): For the individuals, (2.3) is simply a reformulation of (2.1). For the coalitions, in 
order to show that (2.2) is equivalent to (2.4), let us first prove that for coalition k, u^'^x.^, x~'^) is 
convex in x for any given x~ in F~ . 

Indeed, for any r in TZ, since c^ is convex and strictly increasing, 

Cr{y'^ + x~'') > Cr{x^ + x~^) + (y^ - xl) 4(x^ + x~^) 

^ Vr ^ryUr ~r "^r ) — Vr Cf-yXr) H~ y.^ {y^- ^r) C^v^rj ^ l/r Cr\Xr) H~ X^ yy^ X^) Cj.yXf) 

— X rp C"f [Xf J ~p t y^ X rp j C'f [Xf ) ~p X J, Cy, [^Xy j 

^ ^ 2/^ Cr{y^ + X-^) > Y^ X^ Cr{Xr) + ^1 (^r " ^r) [cr{Xr) + X^ c'^{Xr)] , 



which impHes that 

Thus, X* minimizes the convex function u (x , x*^ ) on the convex compact set F if, and only 
if, ( V^fc u^{x*), x^ - x*'^ ) > for ah x^ G F'^ or, equivalently, 

(c'=(x*),x'=-x*^) >0, Vx'^gF^ (2.7) 

Let us set c'^ = miUrgTe c^(x*). Then, J^r&izi c^(x*) - c'') (x^ - x*'') = EreTe c^(x*) {x^ - x*'') - 
c'' ErsTe (4 - <^) = Ere7^ c^(x*) (a;^ - <*^) - c^{T^ -T^) = { c'=(x*), x'^ - x*'^ ). Consequently, 
(2.7) is equivalent to 

Y, ( c^Xx*) - c'=) (x^ - x^'^) > 0. (2.8) 

reTe 

It remains to show that (2.8) is equivalent to (2.4). 
(2.4) ^ (2.8): According to (2.4), 

( c,^(x*) - c^) (x^ - xf) = I ^ "'^''*^ " ^'^ ^' - °' '^ '^*' = °' 

( 0, if x*'^ > 0. 

Thus, Ere7e(cr(x*) - c'^) (x^ - x;'^) > 0. 

(2.8) =^ (2.4): Let us define an auxiliary flow x^ in F^ as follows: x^ = if c,^(x*) > c^, and 
x^ = — if cj?(x*) = c^. Here m = |{r G 7^ | c^(x*) = c'^}|, the number of arcs whose marginal cost 
to coalition k at x* are the smallest in the network. Then, for this specific x'^, (2.8) implies that 
Er67^,c*;(x*)>c'=( Cr(x* ) - c'') {-X*'') > 0. Consequently, x*'' = if c^(x*) > c'', which leads to (2.4). 

(ii) 4^ (iii): By the same argument used above for the equivalence between (2.4) and (2.7), one 
can show that (2.3) is equivalent to 

c(x*),x°-x*°\ >0, Vx°gF°. (2.9) 



The variational inequalities (2.7) and (2.9) imply immediately (2.5). For the converse, it is 
enough to take an x = (x^, x-"^, . . . , x^ ) in F such that x' = x*' for all / in /C {resp. x' = x*' for 
all Hn {0} U /C \ {A;}) to get (2.9) {resp. (2.7)). 

Thus, one has shown that (2.3) and (2.4) are equivalent to (2.5). D 

Remark 1. (iii) has been proven for the specific cases of NE and WE as well as for CE: a WE was 
characterized as the solution of a variational inequality problem by Smith [12] and Dafermos [4], and 
as the solution of a nonlinear complementarity problem by Aashtiani and Magnanti [1]. Variational 
inequalities were used to characterize a NE in atomic splittable games by Haurie and Marcotte [6], 
and a CE in composite games by Harker [5]. 

Condition (2.4) shows that the marginal costs (c^)rg7^ play the same role for coalition k as 
{cr)r£Ti for the individuals: at the CE, all the arcs used by coalition k have the lowest marginal cost 
and, a fortiori, the same one. For flow x G F, c^(x) = Cr{xr) + x^c^(xr) is a function of only two 
variables x^ and Xr- Besides, according to Assumption 1, it is strictly increasing in both of them. 

Theorem 2.2 (Existence and uniqueness of CE). In a composite game, a CE exists, and it is 
unique. 



Proof. The variational inequality formulation for CE (2.5) is used to prove its existence. Theorem 
3.1 in Kinderlehrer and Stampacchia [8, p. 12] states that the variational inequality problem (2.5) 
admits a solution if F is a convex compact set, and if c^ and c are continuous. According to 
Assumption 1, these conditions are satisfied. 

For the uniqueness of CE, see Richman and Shimkin [11, Theorem 4.1]. D 

Remark 2. For the nonatomic routing game T(TZ, c), a WE exists if the cost functions c^'s are con- 
tinuous. If they are furthermore strictly increasing on U, then the WE is unique. See Patriksson [10, 
Theorems 2.4, 2.5] for a proof. 

3 A detailed study on CE 

Let us consider a composite game r(7^, c, T). This section focuses on the properties of its unique 
CE, denoted by x here and in Section 4. 

First, some notations are recalled or given. 

7^°(x) = {r G 7^ I x° > 0} C 71 is the support of x°. 

7^'^(x) = {r G 7^ I x,^ > 0} C 7^ is the support of x'^, for coalition k. 

c''(x) is the lowest arc cost in the network. 

c'^(x) is the marginal cost to coalition k of every arc used by it. 

y'^(x) is the common cost to all the individuals. y''(x) = c''(x). 

y (x) is the average cost to coalition k. 

y (x) = mm^^-jik Cr{xr) is the lowest arc cost of the arcs used by coalition k. 

y(x) is the social cost. 

All the statements made in this section and Section 4 are to be understood at the CE x. And x 
will often be omitted if it does not cause confusion. 

The following facts follow immediately from (2.3) and (2.4). They will be repeatedly referred to 
in this work without further explanation. 
Facts. 

Cr{xr) = c^, ifrG7^°; Cr{xr)>c°, ifrG7^\7^°. 
ykeIC, c';{x)=c'', ifrG7^^ c^^{x)>c'', if r e 7^ \ 7^^ 

The following lemma states that an arc used by a coalition costs less than any arc not used by 
it. 

Lemma 3.1. For any coalition k, for any arc r in VJ' and any arc s in TZ\ 'RJ' , Cr{xr) < Cs{xs)- 

Proof. Since x^ > and xj = 0, Cr{xr) < Cr{xr) + x^c'^(xr) = c^ < Cs{xs). D 

The next lemma shows that an arc used by individuals is also used by all the coalitions. Besides, 
the average cost to any coalition is not lower than the individuals' cost. 

Lemma 3.2. For any coalition k, 



1. 7^° C 7^'=, i.e. for all r gTZ, if x^^ > 0, then x^ > 0. 



2. c° < c^ 



3. yo = y'^ < y^. 

Proof, (i) Suppose that x^ > 0. If x^ = 0, there is another arc s such that x^ > 0. Then, Cr{xr) > 
c'^(x) = Cs{xs) + Xgc'g{xs) > Cs{xs). However, x° > 0, hence Cr{xr) < Cs{xs), a contradiction. 

(ii) Take r in 7^°. By (i), x^ > 0. Thus, c'' = 0^(3;^) + x^c'(xr.) > Cr{xr) = c°. 

(iii) The individuals take the arcs with the lowest cost, hence Y^ < 1^ < Y . And (i) implies 

that yo = y^ D 

The next lemma states that an arc used by a coalition is also used by any larger coalition, and 
the larger one sends more flow on it. 

Lemma 3.3. Let two coalitions k and I be such that T < T . Then the following are true. 

1. TZ^ C 1Z\ i.e. for all r gTZ, if x^ > 0, then x[ > 0. 

2. & < c'. 

3. For any arc r, xj? < xf., and the inequality is strict if x^ > 0. 

4. Y^ <Y\ and the equality holds if, and only if, Y^ =Y^ = Y^ . 

If T = T , all the inequalities or inclusions above become equalities. 

Proof, (i) Suppose that T^ <TK If IZ^ (t^\ there is some r such that xj! > but x\. = 0. Hence, 
& = Cr{xr) + x^c^(xr.) > Cr{xr) > cK In particular, c^ > cK 

For all s in TZ\1Z^ , Cs(xs) > cf^ > c', which implies that x^ = 0. In consequence, 1Z\TZ^ C 1Z\TZ^ 
or, equivalently, 7^' C TZ^. 

For all r in 7i} and, a fortiori, in IZ^, c^ = Cr{xr) + x^c^(xr) and c' = Cr{xr) + x^c^(xr). Hence, 
x^ — xl = {& — c'-)/c'^{xr) > 0, so that x^ > xj.. As a result, T^ = J^rf^n' ^l < J2r&n' ^r — ^'^> ^ 
contradiction. 

Therefore, TZ^ CTZK 

Suppose that T^ = T'. The above proof is still valid. Thus, IZ^ C 'R} and, by symmetry, 
7^' C 7^^ This leads to 7^'= = 7^^ 

(ii) and (iii) Suppose that T^ <TK By (i), TZ^ <ZTZK There are two cases. 

Case I. TZ^ = TZK Given r\nT& = TZ\ c^ = Cr{xr) +x^c'^{xr) and c' = Cr{xr) +xj.4(xr.). It fol- 
lows that xl-X^ = {S-C^)/c'^{Xr). Thus, < r'-r'= = EreTl44-Xr) = {c^-c'') Er&TZ^ l/Cr{Xr) 

and, consequently, c} > c^ . 

Case 2. T& C 7^' but TZ^ / TZK Take s in 7^' \ 7^'=. Then, c' = c,(x,) + x\c',{xs) > c,(x,) > c'^. 

In both cases, c' > c^. For all r in TZ^, xj, — x^ = (c^ — c'')/c'^{xr) > 0; in particular, x^ < x[. 
And for all r mTZ\TZ^, = x'; < x[. 

Suppose that T = T . By (i), 7^ = 7^ . On the one hand, the same argument as for Case 1 
leads to c' = c^ and xj, = x^ for all r in 7^^^ = 7?.'. On the other hand, x[ = x^ = for all r in 
7^\7^'=. 

(iv) Suppose that T^ <TK According to (i), TZ^ C TZK 

Set y' = X]re7^*= 2:rCr(2;r)/Z]re7^'= ^r) the average cost to coalition / on VJ' . By Lemma 3.1, the 
arcs in IZ^ cost strictly less than those in 7^ \ IZ^ . One deduces that Y^ = Y^ if 7^'^ is equal to 1Z\ 
and y' < y' if 7^^^ is a proper subset of 'R} . 



Now, let us show that Y'' <YK 

Y 



I _ Z^reT?.* X^Cr[Xr) 






-t + Z^re7?,'=V^r ^' 



It follows from (iii) that, for all r in VJ' , x\. — Xj. > 0. The relation Y'' < Y^ is thus equivalent 
to the inequality 

yk ^ Z^rgT^fey-^r ~ X^)Cr(Xr) ("i '\\ 



Z^reT?.* (-''r X. 



For r in TZ^, x^. — x^ = (c' — c^)/d^{xr) and 0^(2;^) = & — x'^c'^{xr)- Inequality (3.1) can thus be 
written as 

l^r&l'' Xj,Cr[Xr) L^r^Tlk Cr\Xr)(c — C ) / C,^\Xr) _ Z^reTZ'' C-r[Xr) / Cj,\Xr) 






^ E ^'cr(x.) E 7^ < E ^' E 5^^ ^ 

'^ 2^ 2;^ ( C - XrC^(Xr) ) 2_^ , - ^ Z^ ^r 2^ „/,'„ \ 

4^ E (^r)' c[.{xr) E ^ > ( E 4'- (3-2) 

Inequality (3.2) follows from Cauchy-Schwarz inequality. Furthermore, the equality holds (or, 
equivalently, Y = Y ) if, and only if, x^c'j.{xr) is constant for all r in 7^ . When this is the case, 
Cr{xr) = c^ — x'^c'j.{xr) is also a constant for all r in 7^^. According to Lemma 3.2 (iii), this constant 
must be equal to c^. 

The relations y'^(x) < y'(x) < y'(x) is now established. Suppose, moreover, that y'^(x) = 
Y\x). On the one hand, y'(x) = y'(x), implying that TZ^ = V) . On the other hand, y'^(x) = 
y'(x), implying that every arc in VJ^ costs (P . 

Suppose that T =T . The result follows directly from (iii). D 

Remark 3. (i) and (iii) of Lemma 3.3 were also proven by Orda, Rom and Shimkin [9] with another 
formulation for atomic splittable games. Lemma 1 in [9] claims that, at the NE, if x^ < x', for some 
arc r, then x^ < x^ for all arc s, and the inequality is strict if xJ > 0. 

The following corollary of Lemma 3.3 shows that the behavior of a coalition at the CE is specified 
by its weight. 

Corollary 3.4. Two coalitions send the same weight on every arc if, and only if, they have the 
same weight. In this case, they have the same average cost. 

4 Comparison between CE and WE 

The previous section was contributed to the basic properties of the CE x of the game r(7^, c,T). 
This section will compare it with the WE w = {wr)re'R of the corresponding nonatomic game 



T(JZ, c). The equilibrium cost at w is denoted hy W £ M. One says that x induces w if x' = ■w, i.e. 
Xr = Wr for ah r £ TZ. 

FoHowing Hayrapetyan, Tardos and Wexler [7], let 7?._ = {r £ TZ\xr < Wr}, 71+ = {r £ TZ\xr > 
Wr} and TZj = {r £ TZ\xr = w,} be, respectively, the set of underloaded arcs, the set of overloaded 
arcs and the set of justly-loaded arcs. 

Lemma 4.1. If x does not induce w, then the following are true. 

1. For all s £ IZ- and for all r £ 1Z+, Cs{xs) <W < Cr{xr). 

2. TZ^ C TZ-, i.e. for all r £lZ, if x^ > 0, then Xr < Wr. 

3. TZ+ C TV- , i.e. for all r £lZ, if Xr > Wr, then xj. > 0. 

Proof, (i) As x' 7^ w, both TZ- and TZ+ are nonempty. Take s in TZ- and r in TZ+, then Wg > Xg >0 
and Wr < Xr. In particular, Wg > 0, which implies that s is used at the WE. Then, Cs{xs) < 

Cs{Ws) =W< Cr{Wr) < Cr{Xr). 

(ii) The individuals take the arcs of the lowest cost at x. According to (i), these arcs must be in 
7^-, hence 7^° C7^_. 

(iii) For all r in TZ+, since Xr > Wr >0, r is used at x. According to Lemma 3.2 and Lemma 3.3, 
it is used by the largest coalition, coalition 1. Thus, 7^+ C 7^""^. □ 

The following theorem compares the equilibrium costs at x with the equilibrium cost at w. 

Theorem 4.2. // x does not induce w, then y'^(x) < W and y^(x) < W for each coalition k. 
Consequently, Y{x.) < W. 

Proof. For the individuals, for all r £ TiP , Cr{xr) = Y^{'k). Lemma 4.1(ii) implies that r is in TZ-, 
and Lemma 4.1(i) shows that Cr{xr) < W. 

For the coalitions, it is enough to show that ^^(x) < W for the largest coalition, coalition 1. 
Once this is proven, the remaining results follow from Lemma 3.3. 

Let us define an auxiliary flow z in F, such that it induces w and satisfies the following conditions. 

A:G/C\{1}, r G7^+, 
/c = or A; e /C, r £TZj. 

For example, one can define, for all A; G /C and r £ TZ+, z^ = x^ — d^, where d^ = {xr — 
Wr)Xr/J2ieK:^U while for all r £ TZ-, z^ = Xr+d^, where d^ = (wr—Xr) J2teii+ '^^ / Hs<^n-{'^ s — x s) . 
The above conditions are satisfied due to Lemma 4.1 (iii). 

Let us define another auxiliary flow y in F as follows. For all r G 7^, 

k ^{4, if A: / 1, 
\x]., if A; = 1. 

In other words, at y, the individuals and all coalitions, except coalition 1, behave like at w, while 
coalition 1 behaves like at x. Let us show that U"^(x) < u^(y) < v^iz). 

Some preliminary results are needed. 

For all s £ TZ- and for all r £ TZ+, 
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^r ^^ r' 


■^T — "^r ' 


^r - 


■^r ' 


^1 ^ ™1 


k ^ k 


^0 _ 

z^ - 




yk yk 









i) ys>Xs, because ys - Xg = E/c\{i} z^ - x'', > 0. 
ii) Xr > Vr, because x^ — Vr = Z]a:\{i} x^ — z^ > 0. 
iii) By Lemma 4.1(iii), coalition 1 takes arc r. Thus, 

Cr{Xr) + xj4(Xr) = C^(x) < Cs{Xs) + x\Cg{Xs). (4.1) 

Moreover, due to Assumption 1, for all < x < x^ and y > 0, 

Cr{Xr -x) + {xl - x) C^{Xr - x) < C^(x) < Cs{Xs + v) + {x\ + y) c'g{Xs + y). (4.2) 

Finally, Cs{xs) < Cr{xr) by Lemma 4.1(i). Then, it follows from (4.1) that x^c'^(xr) < xlc'g{xs). 
Let i? be a constant such that m.axt£Ti+{xt ^(^i)} 1^ B < mintg7^_{x^ 4(^t)}- Then, by Assump- 
tion 1, for all X and y such that < x < x^ and y > Xg, 

xlcUx)<B<xlc',{y). (4.3) 

Now, let us show that n^(x) < u^{y) < n^(z). 

U^{y) - U^{^) = Yl yl^riVr) - Y xlcr{Xr) = ^ xlcr{yr) - ^ xlcr{Xr) 

r&n ren ren mn 

= H [xlcsiys) - xlcs{Xs)] - Yl [xlcr{Xr) - xlcriyr)] 
rys rXr 

= ^ / Xg Cg{x) dx — ^ / x^ c[.{x) dx 
sell- ''^'' r(^n+ •'y-' 

> Y (y^~ ^■5)-^ ~ Y (^r- yr)B =Yiyr- Xr)B = 0. 
sell- rGn+ reTJ. 

The inequality above is due to (4.3) and the fact that yg > Xg for all s in TZ^ and Xr > yr for all r 
in TZ^. 

U^{z) - U^(y) = Y zlcr{Wr) - ^ vl^^riyj-) = Y zj.Cr{Wr) - ^ xlcr{Wr - Z^ + X^) 

ren ren ren ren 

= Y [zlcs{Ws) - xlcs{Ws- zl +xl)] - Y [xlcriWr - zl + xl) - zlcr{Wr)] 

sen- ren+ 

rzl Q rx]. Q 

= Y. L -7r-[xCs{Ws-zl+x)]dx- Y L -7r-[xCr(Wr-zl+x)]dx 

sen-'^'^i "^ ren+'^'^r -^^ 

= Y [cs{ws - zl + x) + xc'g{ws - zl + x)]dx 

sen- ^'^ 

— Y^ / [Cr{Wr — Z^ + x) + XC^{Wr — Z^ + x) ] dx 

ren+ ''^r 

rzl 

^ Y [cs(xs - xj -l-x) -|-xc'^(xs - xj -l-x)] dx (4.4) 

sen- ■^^i 

rx], 

— Yj I [cr(xr. — xj + x) + xc^(xr. — x;'; + x) ] dx 
ren+ ''^r 

> Y i^l - ^l) £'(x) -Yi^l- 'r) cH^) (4.5) 

sen- ren+ 

= Yi4-4)cH^) = {T'-T')c\^)=0. 
ren 
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Inequality (4.4) is due to the following facts which follow immediately from the definition of z. For 
s in 7^_, zl > xl and Ws — zl > Xs — x], while for r in 7^+, xl > z]. and Xr — x]. > Wr — z^. 
Inequality (4.5) is due to (4.2). 

Thus, one has proved that li^(x) < tt^(z) or, equivalently, ^"^(x) < Y^{z). Besides, since z 
induces w, every arc used at z costs W. In consequence, Y^{z) = W, which completes the proof. D 

Remark 4. Cominetti, Correa and Stier-Moses [3, Corollary 4.1] proved that, if the cost functions 
are non-decreasing, convex and differentiable, and the atomic splittable players are identical, then 
the social cost at any NE in an atomic splittable game is lower than that at the corresponding 
WE. Hayrapetyan, Tardos and Wexler [7, Theorem 2.3] proved that, in a two-terminal parallel-arc 
network, if the cost functions are non-decreasing, convex and differentiable, then the social cost at 
any NE in an atomic splittable game is lower than that at the corresponding WE. In this work, 
stronger convexity conditions on the cost functions allow to prove that not only the social average 
cost, but also the average cost to any coalition and the individuals' cost are lower at the CE than 
at the WE. 

Remark 5. Cominetti, Correa and Stier-Moses [3, §2.1] provided an example where two groups of 
individuals have different origin/destination pairs. They showed that, when one of the two groups 
forms a coalition, both the social cost and the average cost to this coalition are increased. This 
implies that further studies are needed for more general cases where the network is not two-terminal 
parallel-arc type. 

5 Impact of the composition of the population on the CE costs 

This section focuses on the relation between the costs at the CE and the composition of the set 
of the players, i.e. its partition into coalitions and individuals. In the first part, one considers 
a unique coalition of weight T G [0,1], and studies the variation of the coalition's cost and the 
remaining individuals' cost with respect to T. In the second part, for a general composition of the 
set of the players, one shows that, whenever a coalition decreases, i.e. some of its members become 
individuals, the individuals' cost is increased. 

5.1 CE costs as functions of the size of the unique coaHtion 

Suppose that a unique coalition of weight T G [0, 1] is formed. Every horizontal line in Figure 1 
represents a composition of the set of the players: the unique coalition is presented by the plain part 
on the left, and the individuals by the dashed part on the right. From bottom to top, the unique 
coalition decreases. The top (dashed) line stands for the WE w, the bottom (plain) line stands 
for the social optimum, and any horizontal line between them stands for the CE of a one-coalition 
composite game. 

Lemma 5.1. There exists a number T in [0, 1] such that the CE in T{1Z^ c, (1 — T; T)) induces w 
if, and only if, T <T. 

Proof. Let TZa = {r G 7^ | w^ > 0} be the set of used arcs at w, and TZi = TZ\lZa = {r G 7^ | u;^ = 0} 
the set of unused arcs, which may be empty. Set A = Yl,r&na dlw ) • Then, the following constant 



T = min-^ min WrC^^iwr^A., min (cr.(0) — W) A >, (5-1) 



is the threshold. This can be proven in two cases. 
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l-T 




1 T^ 



Figure 1 : Composition of the players 



Case 1. For all r G 7^i, c,.(0) > W. 

In this case, T > 0. Let us show that the CE induces w if, and only if, T <T. 

On the one hand, if T < T, the following flow x is the CE. 



Ac'JWr)-' 



Wr 






X. 







0, 



rGTZi. 



Indeed, x is well-defined because of the definition of T, and J2r£n^r — ^- Next, as Xr = Wr for 
all r, the individuals do take the arcs of the lowest cost. Finally, it follows from the definition of 
f that, for all r £ TZi, {cr{0) - W)A > f > T. It is not difficult to see that, for all r £ TZa, 
Cr{xr) + xlc'^{wr) = ^ + A ^^'^^ -^°^' ^^^ ^ ^ ^«' ^r{0) > W + ^. The equilibrium condition (2.2) is 
thus satisfied for the coalition. One deduces that x is the CE. Besides, it induces a WE, because 
Xr = Wr for all r. 

On the other hand, if the CE x induces ■w, i.e. Xr = Wr for all r, then for all r G TZi, Xr = Wr = 0, 
which implies that there exists an arc s G TZa such that x\ > 0. However, for all r G TZa such that 

xl = 0, one has W = CriWr) = Cr{Xr) > C-'^(x) = Cs{Xs) + xlc'g{Xs) > Cs{Xs) = Cs{Ws) = W, a 

contradiction. Therefore, for all r G TZa, x}. > and Cr{xr) + xlcr{xr) = c^(x). In consequence, 

1 _ C^{:X.)-Cr{Xr) 



C'ri^r) 



'^-^T^^f^- The constraint x^ < Wr implies that c^ — W < Wrc'r{wr)- Consequently, 



E 



-w 



(c^ - W)A < Wrc'riwr), for all r G TZa- 



Besides, for ah r G TZi, c^ < Cr{0), which implies that T = {c^ - W)A < (cr.(0) - W)A. Thus, 
T < T is proven. 

Case 2. There exists some t £ TZi such that ct(0) = W. 

In this case, T = 0. Let us show that the CE does not induce a WE as long as T > 0. Otherwise, 
suppose that for some T > 0, the CE x induces a WE. By the same reasoning as in Case 1, there 



exists an arc s G TZa such that xl > 0. Then, cj(0) 



W 



Cs{Ws) < Cs{Ws) + XgC^g{Ws) 



However, xt 



wt 



0, which implies that ct(0) > c^, a contradiction. 



D 



Example 1. There are two parallel arcs ri and r2, whose cost functions are, respectively, ci(x) = 
x + lO and C2(x) = lOx + l. A computation shows that the threshold is T = jg. If less than one tenth 
of the players join the coalition, the coalition changes actually nothing in the game equilibrium. 
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Theorem 5.2. Let T be defined by (5.1). The individuals' cost Y^{T), the average cost to the unique 
coalition Y^{T), and the social cost Y{T) in T{TZ,c, (1 — T; T)) have the following properties. 

1. For T G [0, f ], y°(r) = yi(r) = y{t) = w. 

2. For T G (t, 1], Y^{T) < Y\T) < W, Y{T) < W. In particular, Y^{1) < Y^{Q) = W. 

3. Y^iT), Y'^iT) and Y(T) are all strictly decreasing with respect to T on [T, 1]. 

Proof. First, notice that Y^{T) is not defined for T = 0, and that Y^{T) is not defined for T = 1. 
However, as the cost functions satisfy Assumptions 1, one can extend Y'^iT) to T = and Y^{T) 
to T = 1 without difficuhy. 

(i) See Lemma 5.1. 

(ii) According to Lemma 5.1, when T < T < 1, the CE does not induce w. Therefore, according 
to Lemma 3.2(iii) and Theorem 4.2, Y^{T) < ^^(r) < W. It remains to show that Y'^iT) < Y^{T). 

Suppose that y°(r) = Y^{T). Then, Y^{T) = Y}{T) = Y^{T) by Lemma 3.2, where Y}{T) is 
the lowest cost of the arcs used by the coalition. This means that every arc used by the coalition 
has the lowest cost Y^{T). Therefore, the CE does induce w, a contradiction. 

(iii) Suppose that T < S < T < 1. Let x = (x°, x^) and y = (y'^, y^) be, respectively, the CE 
of the game T{TZ, c, (1 — T; T)) and that of the game T(TZ, c, (1 — S; S)). The other notations are 
as listed at the beginning of Section 3. 

Let TZ- be the set of underloaded or justly-loaded arcs, and 7^+ = TZ\TZ- be the set of overloaded 
arcs. In other words, 

7^_ = {r £ TZ\yr < Xr}, TI+ = {r £ TZ\yr > Xr}- 

If 7^+ = 0, then x' = y', i.e. Xr = Vr for all r £ TZ. Let us prove that this is impossible. 

Define 7^^ = {r G n\crixr) = c°(x)} and TZ^ = {r £ TZ\xr > 0, Cr{xr) > c°(x)}. Then, for 
all r £ TZ\x^ = 0. As T > S > T, according to (ii), x and y do not induce w. Therefore, Ti} is 
nonempty. 

For all r £ TZ , Cr{yr) = Cr{xr) = c°(x) while, for all r £ TZ^, Cr{yr) = Cr{xr) > c'^(x). Hence, 
c''(x) is the minimal arc cost at y. One deduces that c^(y) = c*'(x) and, for all r £ TZ^, y^ = 0,yl = 

y-r = Xr. 

On the one hand, c-'^(x) and c^(y) are both equal to Cr{xr) + Xrc'j.{xr) for all r £ IZK On the 
other hand, for all r £ TZ , as c^(x) = Cr{xr) + xl.dj.{xr) and &'{y) = Cr{xr) + ylc!j.{xr), it follows 
from c^(x) = &-{y) that x}. = y}. Therefore, T = Y^reii^ xl + J2reni ^r = 'EreiV ^r +Ere7^» Vr = S, 
a contradiction. Hence, 7^+ 7^ 0, and there exists some r £ IZ- such that yr < Xr. 

Now, we win show that Y°{T) < Y^{S), Y^T) < Y\S) and Y{T) < Y{S) in eight steps. 

(a) Let us prove that there exists some s £ TZ+ such that y^ > 0. 

If for all s £ TZ+, y^ = 0, then yl = ys > Xg > x] and, consequently, c^(y) = Cs{ys) + v\c'{ys) > 
Cr{xs) +xlc'{xs) = c^(x). Moreover, Ese7^+ ^1 > T^sen+^l- But J^renVr = S <T = J^ren^l- 
Therefore, J2ten- Vt < J2ten- ^t- I^ particular, there exists some r £ TZ- such that yl < x].. Since 
yr < Xr, c^iy) < Cr{yr) + y]-(^ {Vr) < Cr{xr) + x^c' (xr) = c^(x), a Contradiction. 

(b) Let us show that c^{y) > c''(x). 

Choose the previous s £ 7^+ with y^ > 0, and recall that ys > Xg. Then, Y^(S) = c^{y) = 
Cs{ys) > Cs{xs) > c''(x) = y°(T). One deduces that Y^{T) is strictly decreasing in T on [T, 1]. 

(c) For all r £ TZ-., x'^ = 0, because yr < Xr and, consequently, Cr{xr) > Cr{yr) > c^iy) > c'^(x). 

(d) Let us show that c^(y) < c^(x). 
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Recall that there exists r G 7^_ such that y^ < x^. Then, y} < y^ < Xr, and xl = Xr according 
to (c). Therefore, c^{y) < Cr{yr) + ylc'{yr) < Cr{xr) + x^c'(xr-) = c^(x). 

(e) One can show that, for all s G 7^+, yj < x] and, consequently, y^ > 0, xj > 0. 

Indeed, for all s G 7^+, ys > Xs > 0, hence yl > 0. If there exists some s G TI+ such that yl > x^, 
then c^(y) = Cs{ys) + ylc'{ys) > Cs{xs) + x]c'(xs) > c^(x), i.e. c^(y) > c-'^(x). This contradicts (d). 
It follows from the fact that ys > Xg that y^ > x^ > 0. Besides, xj > yl > 0. 

(f) For all r G 7^- and s G 7^+, Cr(xr-) > Cs(xs), because Cr(xr) > Cr{yr) > c'^(y) = CsiVs) > 

CsyXsj- 

(g) Let us define an auxiliary flow z in the game r(7^, c, (1 — T; T)) by 



,1 _ ,, _ ^0 _ 

■s ~ ys Xg, ^g - 


-x° 


s G7^+; 


.1 _ ^0 - 




r G7^_. 



Clearly, z' = y', i.e. for all r £ TZ, Zr = y-r, and 



x] < zl < yg, 


z'g- 


-x° 




sG7^+, 


zl = Zr < Xr = 


xl, 


z^ - 


X° 


r G7^_. 



Now, we are ready to prove that the total cost to the coalition of weight T at z is higher than 
that at x, i.e. Uj^{y) > u}p{'x.) (the subscript T is added to stress the weight of the coalition in 
question). Indeed, since for all s G 7^+ and for all r G TZ- such that Xr > 0, 

c"^(x) = Cg{xg) + x^c'(xs) = Cr{xl) + xlc (xl) , (5.2) 

one deduces that, for all s G 7^+, r G TZ- such that Xr > 0, and for all x > x^ and y such that 

o<y<xl, 

Cg{x + Xg) + xc'g{x + x°) > c^(x) > Cr{y) + yCr{y)- (5-3) 

Then 

u;^(z) - uy(x) = ^ [2;]cs(zs) -xjcs(xs)] - ^ [xi';c,.(xj) - 2^0^(2;^) ] 
se7^+ re7e_ 

= Y. L 7r-[2;c,(x + x°)]dx- Y. , -^[^ (^r{x)]dx 

= 22 / [cs(x + x^) + xc'^(x + x^)]dx — 2J / [cr-(x) + xc'^(x)]dx 

> Y: (4 - ^l) c\^) - E (^r - 4) c'(x) = E (4 - 4) cHx) = (T - T) ci(x) = 
se7e+ re7^_ reTe 

The inequality above is due to (5.3). 
Next, notice the following three facts. 

1) For all r £ TZ, Zr = yr by the definition of z, 

2) For all s G 7^+, c,(y,) = c^{y) by (e), and 

3) For all r G TZ-, either zj. = yr = y}. or zj. = yr > y}.. In the second case, y^. > 0, which implies 
that Cr{yr) = c°(y). 
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These facts induce the relation between the total cost to the coalition of weight T at z and the 
total cost to the coalition of weight S at y. 

^^(z) = Yl ^l Cs{Zs) + Y zl Cr{Zr) 

se7^^. re7e_ 

s(^n+ r&l- s£n+ rell- 

= 4(y) + E(^'-y')cV) 

= 4(y) + {T-S) c°(y) = S-Y\S) + {T- S) c°(y). 

Recall that m^(z) > nji(x). Then, 

T • Y\T) = n^(x) < 4(z) = 5 • yi(5) + (T - 5) c°(y). (5.4) 

This implies that Y^{S) > Y^{T). Because, otherwise, according to (ii), Y^{S) = c°(y) < Y^{S). 
Then, 

5 • Y\S) + {T-S) c°(y) <T-Y\S) <T- Y\T), 

which contradicts (5.4). 

Therefore, Y^(S) > Y^{T). One deduces that Y^{T) is strictly decreasing in T on [T, 1]. 

(h) Finally, let us prove that Y(S) > Y(T), i.e. the social cost at y is higher than at x. In other 
words, Y(T) is strictly decreasing in T on [T, 1]. 

Indeed, (5.2) implies that, for all s £ TZ+ and r G 7?._ such that Xr > 0, 

Cs{Xs) + XsC{Xs) > C (x) > Cr{Xr) + Xrc'{Xr)- 

Then, for all s € 7^+ and r G TZ- such that x^ > 0, for all u > Xg and v such that < f < Xr, 

Cs{u) + u c'^{u) > c^(x) >Cr{v) + vc'^{v). (5.5) 

Thus, 

Y{S) -Y{T) = ^ [ysCs(ys) -XsCs(Xs)] - E [a;rCr(2;r) - yrCr(yr) ] 

se7^+ re7^_ 

= E / ^«c,(n)du- }^ / — «c,(t;)dz; 

rys ,^ r^^r 

= / [cs{u) +uc'g{u)]du- 22 / [cr{v) + vc'^{v)]dv 

> E (2/s - Xs) C^(x) - ^ {Xr - Vr) C^x) = 0, 

where the inequality is due to (5.5). D 
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5.2 Individuals' cost and the composition of the players 

The previous results can be partially extended to the multiple coalitions case. Consider the following 
two composite games. 

^o = ^(7^,c,T), t = (rO;r\...,r^), 

Ti = ^(7^,c,T'), T' = (r° + (5r;T\...,r'-\r' -5T,r'+\...,r^), 

with K>1, 1<1<K and < ST < T . Profile T' can be seen as obtained by T after the 
withdrawal from coalition / of a group of members of total weight 5T who become individuals. Let 
X and y be, respectively, the CE of the game Fq and that of the game Fi. The other notations are 
as before. 

The following theorem shows that the individuals' cost is (weakly) higher at the CE in the game 
Ti than in the game Tq. 

Theorem 5.3. c°(x) < c°(y). 

Proof. Since the case K = \ \s proven in Theorem 5.2, only the case K >2 \s treated here. 

First, define two sets of arcs IZ- = {r ^TZ\yr < Xr} and 7?.+ = ^ \ Tl- = {r ^TZ\yr > Xr). 

If 7^+ = 0, then x' = y' and c°(x) = c°(y). 

If IZj^ 7^ 0, let us first prove that, for all /c € /C \ {/}, Ylir&Ti- Vr ^ Z]re7?._ ^r- 

Suppose that Ere7^- Vr < ErsTe. ^^ and, consequently, Ese7^+ V^s > Ese7^+ ^^J- Therefore, 
there is an arc r G 7?._ and an arc s G 7^+ such that y^ < x^ and y^ > x^. 

For all such r and s, if x^ > and y^ > 0, then c^(y) < Cr{yr) + y^c'^{yr) < Cr{xr) + x^d^{xr) = 
c'^(x) < Cs{xs) + 2;^c'5(xs) < Cs{ys) + Us^^'sills) = c'^Cy), a contradiction. In consequence, either 
y^ = j;^ = or y^ = x^ = 0. For this to be true, there can be two cases. 

Case 1. For all s £ TZ+ such that y'l > x^^, y'l = x^^ = 0. Then, there is no s G TI+ such 
that yj < Xg because, otherwise, Yl,s(^n+v's < Yl,s&i+^^si which contradicts the hypothesis that 
Sr67^- Vr — Ylir&i- ^r- Thus, for all s G 7^+, T/g = Xg = and, consequently, X^rsTe. Vr = 

relZ- Xj. — ± . 

Case 2. There exists some s G TZ+ such that y^ > x^ and yj > 0. Then, for all r G TZ- such 
that y^ < x^, y^ = x^ = 0. Therefore, there is no r G 7^_ such that y^ > x^ because, otherwise, 
Sre7^_ Vr > SreT?.- ^ri which again contradicts the hypothesis. Thus, for all r G 7^-, y^ = x^ = 
and, in consequence, X^reT?.- Vr — J^reii^ ^r — 0- 

Hence, J^reiZ- Vr ^ J2ren^ ^r and, consequently, Xse7?.+ Vs ^ Xsg7^+ ^s- Besides, the equalities 
hold if, and only if, Xre7^_ Vr = J2ren- ^r = ^'^ oi' 0- 

Since Xs67^ , ?/« > XseTe, ^^s and XseTe, ?/« ^ Xse7?.+ ^s ^^ all fc G /C \ {I}, one deduces that 
Ese7^+ iVs + yi) > Ese7^+ (4 + ^i) > 0. 

Let us show that there exists some t G TZ+ such that y^ > 0. Indeed, if for all s G 7^+, y^ = 0, 
then Ese7^+ ^i > Ese7^+(2;i + a^s) > E5e7^+ 4- Besides, ErG7^yr = T - (5r < T = Ere7^4^ 
hence J^teiZ- Vt < EteT^- ^i- ^^ particular, there exists r G TZ- such that y[ < x^ and s G TZ+ 
such that 2/^ > x^. Then, c'(y) < Cr{yr) + ylc'{yr) < Cr{xr) + x[c'(xr) = c'(x), and c'(y) = 
Cs{ys) + yic'{ys) > Cs{xs) + x[c'{xs) > c'(x), a contradiction. Thus, there exists t G 7^+ such that 
yt>0 and, consequently, c°(y) = ct{yt) > ct{xt) > c*'(x). D 

However, the average cost to the coalition of weight T' (called coalition I) in Fq is not necessarily 
lower than that to the coalition of weight T — 6T (called coalition I') in Fi, and the former is not 
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necessarily lower than the average cost to the group composed of coalition /' and a set of individuals 
of total weight 5T in Fi (the group corresponding to coalition I in To). In other words, the other two 
results in Theorem 5.2 (iii) cannot be extended to the multiple coalitions case. Here is an example. 

Example 2. Composite game T takes place in the same network as in Example 1, where the cost 
functions of arcs ri and r2 are, respectively, ci[x) = x + 10 and 02(2;) = lOx + 1. Coalition 1 has 
weight T with T G (0, g]; coalition 2 has weight gj the total weight of the individuals is ^ — T. 
Then, the average cost to coaHtion 1 at the CE is fj for T G (0, \] and ^[919 - 4(25r + |,)] for 
T G [5)2]' "^hich is constant in T on (0, g], strictly increasing on [g, g] and strictly decreasing on 
[g, 2]. Therefore, it is not always decreasing in the size of the coalition. The average cost to the 
group of total weight 2 composed of coalition 1 and all the individuals is |j for T G (0, f] and 
^[400(T — jg)^ + 816.75] for T G [5,5], which is constant in T on (0, g], strictly decreasing in 
(g, jg] and strictly increasing on [|g, |]. In consequence, it is not always decreasing in T. 

6 Asymptotic behavior of composite games 

This subsection studies the asymptotic behavior of composite games, when some coalitions are fixed 
and the size of the others vanish. 

Definition (Admissible sequence of composite games and its limit game). A sequence of composite 
games {r„}„gN. , with r„ = r(7^, c, T„) and T„ = (T^; T^, T^,..., T^"), is called admissible if 
{T„}„gN* satisfies the following conditions. 

1. There is a constant L G N, and L strictly positive constants {T^, T^,..., T } such that 
ELi T^ < 1- For all n, Kn > L, and T^ = T* for i = 1, . . . , L. 

2. 6n = maxL^k<Kn ^n • And 6n —^ as n —^ 00. 

The L-coalition composite game Tq = T{Tl,c, (T"; T^, T^, . . . , T^)) is called the limit game of 
the sequence {r„}neN*5 where T^ = 1 — J2k=i ^^• 

Rem,ark 6. Condition (i) means that there are L coalitions fixed all along the sequence {r„}„gN. , 
and the total weight of the remaining coalitions and the individuals is fixed to T^. Condition (ii) 
means that the other coalitions are vanishing along the sequence and, necessarily, Kn tends to 
infinity. 

Notations As before, in the game r„, x* = (x*''')^g is the CE, where x*° is the flow of the 
individuals, and x*'' the flow of coalition k. Besides, y''(x* ) is the individuals' cost and y^(x* ) the 
average cost to coalition k at CE. 

The aggregate flows are defined as x*' = (y* , x^^ x*^, . . . , x*^), where y* = {y*)rell, y*n. 



■i^ 



X 



*0 j_\^Kn *k 



r + J2k=L+i ^nr- Thus, y* is the aggregate flow of the individuals in addition to all the coalitions 
different from the L fixed ones. Notice that this is different from the definition of aggregate flow in 
the previous sections. 

F„ = {x G M«x(i+-f^n) |x > 0; V A: = or /c G /C, EreTe^r = ^nl is the feasible flow set. 
Fo = {x G M«x(i+^) I X > 0; V A; G /C, J^reii ^r = T^; Even 4 = T^} is the feasible aggregate flow 
set. Notice that it is common to all the games in {r„}„(zN*. 

In To, X* = (y*, x*^, . . . , x*^) is the CE, where y* = x*" is the flow of the individuals, and x**^ 
the flow of coalition k. Y^i^x*) is the individuals' cost and Y (x*) the average cost to coalition k 
at CE. The feasible flow set is Fn. 



18 



The following theorem states that the CE of r„ converges to the CE of Tq. Hence, it justifies 
the name 'limit game'. 

Theorem 6.1 (Convergence of admissible composite games). Suppose that {Tn}neN* is a sequence 
of admissible games satisfying Assumption 1. Let Fq he its limit game. Then, x*' — )■ x* as n —^ oo. 
In particular, Y^{ji.l) -^ Y''{^*) for k = 1, . . . ,L, and Y^{x*J -^ yO(x*) for k = and k> L. 

Proof Let us begin by writing the variational inequality condition for the CE's x* and x*. 
By Proposition 2.1, x* is the CE of r„ if, and only if, 

c(x:),x°-x:o) + ^(c'=(x:),x^-x:'=)>o, vx„ef„, (e.i) 

fc=i 

and X* is the CE of Tq if, and only if, 

(c(x*),y-y*) + X:(e'(x*),x'=-x*'=)>0, V x = (y, x^, . . . , x^) G Fq. (6.2) 

fc=i 

Due to Assumption 1, one can find a constant M such that M > sup^g-;^ .j^^grg ;^i{|c',(x)|}. Set 
€n = 26nMR so that e„ tends to 0. Let us show that, for all n, the aggregate flow x*' in Fq satisfies 

(x:'),y-y:) + E(^'«'),x^'-x:'=)>-e„, Vx=(y,x\...,x^)GFo. (6.3) 

fc=i 

Indeed, for any x = (y, x^, . . . , x-^) G Fq, one can find x„ = (x^)^^q G Fn such that 
For example, take x°^^ = y„,rT°/f °, x^^^ = yn,rT^ /f^ for A; = L + 1, . . . , Kn- Then, by (6.1), 

( c(x:), x" - x^o ) + x:( c^(x:), x^; - x:'^ ) > 

k=l 

=> { c(x:), x" - x^o ) + E( c'(x:), x^ - x:^ ) + ^ ( c(x;) + x:'=c(x;), x^ - x:'^ ) > o 

fc=l k=L+l 

^(c(x:),xO+ Y. <-<'- E x:'=) + E(e'(x:),x^-x:^) 

k=L+l k=L+l k=l 

>- E (x;^c(x:),x^-x:'=)>- E ('JnM,x^-x;'=) 

k=L+l k=L+l 

5nM, E ^n- E x;'^ ) > -2Mfi?. 
k=L+l k=L+l 

By (6.4), this is just ( c(x;'), Y - y^ ) + Eti( ^'(x;'), x'^ - x^'^ ) > -e„. 

As Fq is a compact subset of M^^(i+^), {x*'}jigi^* in Fq admits accumulation points. For 
any convergent subsequence of {x*'}„gN. (which is still denoted by {x*'}„gN. for simplicity), let 
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X = (y, X"*^, ..., x^) be its accumulation point. Let n tend to infinity in (6.3). Then, by the 
continuity of the marginal cost functions and the fact that en tends to 0, 

L 

(c(x^),y-y) + 5](c'=(x),x^'-x^-)>0, V x = (y, x\ . . . , x^ ) G Fq. 
fc=i 

According to (6.2), this implies that x = x*. 

Therefore, x*' converges to x* as n tends to infinity. This induces immediately that y (x*) 
tends to y^(x*) for A; = 1, . . . , L, and F^(x* ) tends to yO(x*) for A: = and k> L. U 

Remark 7. When T^ = and L = 0, Theorem 6.1 shows that the NE of an atomic splittable 
game with only coalitions and no individuals converges to the WE of the corresponding nonatomic 
game, when the coalitions split into smaller and smaller ones. This result is obtained by Haurie 
and Marcotte [6], but only for the case where the coalitions split into equal-size ones. Theorem 6.1 
is an extension of their result in three aspects. First, the coalitions do not have equal size. Second, 
the games are composite. Finally, some coalitions are fixed at a nonnegligible weight. 

7 Some problems for future research 

This section presents some directions for further studies. 

7.1 Backward induction 

Consider a two-stage extensive form game with an underlying network (7^, c) and a set of nonatomic 
individuals [0, 1]. At the first stage, the individuals are given K + 1 choices {so, si, . . . , sk}-, where 
X is a fixed number in N* = N \ {0}. The players who choose sq are called individuals, and those 
who choose s^ (1 < k < K) are considered as members of coalition k. If there are L coalitions having 
nonnegligible weights (0 < L < K) then, at the second stage, the individuals and L coalitions play 
the composite routing game T(JZ^ c, T). By Lemma 3.2, the players who choose sq at the first stage 
have the lowest cost at the end. Therefore, by a backward induction, the only subgame perfect 
equilibrium of this two-stage game consists in having all the players choosing sq at the first stage. 

7.2 Composition-decision games 

In a two-player composition-decision game, each player is atomic with a splittable flow. The weight 
of player / is T, while that of player // is 1 — T. Each player chooses a pair of representatives 
consisting of a coalition and a group of individuals, whose total weight is her own weight. The 
cost to each player is defined as the average equilibrium cost to her representatives in a composite 
routing game played by all the representatives. Consider two simple models where the game reduces 
to a one-player game. 

Model 1: One atomic player faces individuals. Player / has two strategies. Strategy 1 con- 
sists in choosing a coalition of weight T, while strategy 2 consists in choosing a group of individuals 
of weight T. Player II always chooses a group of individuals of weight 1 — T. 

If player / chooses strategy 1, the costs to the two players are, respectively, the equilibrium cost 
to the unique coalition and that to the individuals in the composite game r(7^, c, (1 — T;T)), i.e. 
Y^{T) for player /, Y^(T) for player II. If player I chooses strategy 2, both the costs to the two 
players are W, the equilibrium cost in the nonatomic game r(7^, c). 
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Theorem 5.2(ii) shows that, if < T < T, then the two strategies make no difference to player 
/. If T < T < 1, player I's only best reply is strategy 1, and her cost is Y^(T), which is lower than 
W. Strategy 1 dominates strategy 2. 

Model 2: One group faces a coalition. Player / has the same two strategies as in Model 1. 
Player // always chooses a coalition of weight 1 — T. 

If player I chooses strategy 1, the costs to the two players are the equilibrium costs in the two- 
coalition game r(7?., c, (0; T, 1 — T)). If player I chooses strategy 2, the costs to the two players 
are, respectively, the equilibrium cost to the individuals and that to the unique coalition in the 
composite game T{TZ, c, (T; 1 — T)), i.e. Y^{1 — T) for player /, Y^{1 — T) for player II. 

Does strategy 1 still dominate strategy 2? The answer is negative. In the second part of 
Example 2, strategy 2 is a better response than strategy 1. 
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